INVOLUTIONS ON A SURFACE OF GENERAL TYPE 
WITH p g = q = 0, K 2 = 7 
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Abstract. In this paper we study on the involution on minimal sur- 
faces of general type with p g — q = and K 2 = 7. We focus on the 
classification of the birational models of the quotient surfaces and their 
branch divisors induced by an involution. 



1. Introduction 

In the 1930s Campedelli [3] constructed the first example of a minimal 
surface of general type with p g = using a double cover. He used a double 
cover of P 2 branched along a degree 10 curve with six points, not lying on a 
conic, all of which are a triple point with another infinitely near triple point. 
After his construction, the covering method has been one of main tools for 
constructing new surfaces. 

Surfaces of general type with p g = q = 0, K 2 = 1, and with an involution 
have studied by Keum and the first author [8j, and completed later by 
Calabri, Ciliberto and Mendes Lopes [T]. Also surfaces of general type with 
p g = q = 0, K 2 = 2, and with an involution have studied by Calabri, Mendes 
Lopes, and Pardini [2]. Previous studies motivate the study of surfaces of 
general type with p g = q = 0, K 2 = 7, and with an involution. 

We know that a minimal surface of general type with p g = q = satisfies 
1 < K 2 < 9. One can ask whether there is a minimal surface of general type 
with pg = q = 0, and with an involution whose quotient is birational to an 
Enriques surface. Indeed, there are examples that are minimal surfaces of 
general type with p g = q = 0, and K 2 = 1,2,3,4 constructed by a double 
cover of an Enriques surface in [B], [5], [S], [H]. On the other hand, there 
are no minimal surfaces of general type with p g = q = and K 2 = 9 (resp. 
8) having an involution whose quotient is birational to an Enriques surface 
by Theorem 4.3 (resp. 4.4) in (5|. In the cases K 2 = 3 and 4, eight nodes on 
an Enriques surface are used to construct a double cover. Since an Enriques 
surface has at most eight nodes and one already use these eight nodes when 
one construct a surface with K 2 = 3, 4, it is reasonable guess that the 
quotient is not birational to an Enriques surface in the cases K 2 = 5,6,7. 
We cannot give the affirmative answer for the case K 2 = 7. But we have 
only two possible cases by excluding all other cases. Precisely, we prove the 
following in Section 4. 
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Theorem. Let S be a minimal surface of general type with p g {S) = q(S) = 
0, Kg = 7 having an involution a. Suppose that the quotient S/a is bira- 
tional to an Enriques surface. Then the number of fixed points is 9, and the 
fixed divisor is a curve of genus 3 or consists of two curves of genus 1 and 
3. Furthermore, S has a 2-torsion element. 



Let S be a minimal surface of general type with p g {S) = q(S) = having 
an involution a. There is a commutative diagram: V — — *■ S In this 




diagram n is the quotient map induced by the involution a. And e is the 
blow-up of S at k isolated fixed points of o. Also, ft is induced by the 
quotient map ir and r\ is the minimal resolution of the k double points made 
by the quotient map n. And, there is a fixed divisor R of a on S which is 
the union of a smooth, possibly reducible, curve. We set Rq := e*(R) and 
Bq := tt(Rq). Let Tj be an irreducible component of Bq. When we write 



(m,n) 



m means p a (Ti) and n is Tj. 



In the paper, we give the classification of the birational models of the 
quotient surfaces and their branch divisors induced by an involution when 
Kg = 7. Precisely, we have the following table of classification. 



K 2 



Bn 



w 



To 
(1-2) 



minimal of general type 



r 

(3,2) 



minimal of general type 



r 

(2,-2) 

r , ri 

(2,0) + (1,-2) 



minimal properly elliptic, or of general 
type whose the minimal model has K 2 = 1 



r , ri 

(4,2) + (0,-4) 

r 

(3,-2) 

To , Ti , T'2 
(4,4) + (1,-2) + (0,-4) 

r , ri 

(4,4) + (0,-6) 

r , ri 

(3,0) + (1,-2) 

To _i_ Ti _|_ T2 

(3,2) (2,0) (0,-4) 

r , ri 

(3,2) + (1,-4) 

r , ri 

(2,-2) (2,0) 

To 1 Ti 1 T2 
(3,2) + (1,-2) + (1,-2) 

(2,0) + (2,0) + (1,-2) 



k(W) < 1, and 

if W is birational to an Enriques surface 
then B = ^ + (1 ^ 2) or (3 r ^ 2) . 
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If fe = 11, the bicanonical map is composed with the involution. We will 
omit the classification of Bq for k = 11 because there are detailed studies in 
PQ and p]. 

The paper is organized as follows: in Section 3 we make tables of classi- 
fications of branch divisors Bq, and birational models of quotient surfaces 
W for each possible k; in Section 4 we study when W is birational to an 
Enriques surface; in Section 5 we provide some examples. The existence of 
W with k(W) > is an open question. 



2. Notation and Conventions 

In this section we fix the notation which will be used in this paper. In 
this paper, we work over the field of complex numbers. 

Let X be a smooth projective surface and T be a curve in X. Let T is 
the normalization of T. We set: 



Kx- a canonical divisor of X; 

NS(X): the Neron-Severi group of X; 

p(X): the rank of NS(X); 

k(X): the Kodaira dimension of X; 

q(X): the irregularity of X, that is, h l (X,Ox)', 

p g (X): the geometric genus of X, that is, h°(X, Ox(Kx))', 

p a (r): the arithmetic genus of T, that is, T(r + Kx)/2 + 1; 

p g (T): the geometric genus of T, that is, h°(T, Op(Kf)); 

=: the linear equivalence of divisors on a surface; 

~: the numerical equivalence of divisors on a surface; 

T : (m, n) or ^ n y. m is p a (X) and n is the self intersection number of T; 

We usually omit the sign • of the intersection product of two divisors on a 

surface. 



Let S be a minimal surface of general type with p g (S) = q(S) = having 
an involution a. Then there is a commutative diagram: 




In the above diagram tt is the quotient map induced by the involution a. And 
e is the blow-up of S at k isolated fixed points arising from the involution a. 
Also, 7f is induced by the quotient map tt and r\ is the minimal resolution of 
the k double points made by the quotient map tt. We denote the k disjoint 
(— l)-curves on V (resp. the k disjoint (— 2)-curves on W) related to the k 
disjoint isolated fixed points on S (resp. the k double points on X) as Ei 
(resp. iVj), i = 1, . . . , k. And, there is a fixed divisor R of a on S which is 
the union of a smooth, possibly reducible, curve. So we set Rq := e*(R) and 
B := tt(Ro). 
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The map fr is a flat double cover branched on B := Bq + Yli=i ^i- Thus 
there exists a divisor L on W such that 2L = B and 

7f*ev = eveev(-L). 

Moreover, -ffy = tt*(Kw + £) and K$ = tt*K-^ + R. 

3. Classification of branch divisors and quotient surfaces 

In this section we classify the possibilities of branch divisors -Bo an d the 
birational models of W with respect to the number of isolated fixed points 
and K^r. 

Since e*(2Kg) = tt*(2Kw + -Bo), the divisor 2Kw + -Bo is nef and big, 
and (2K W + B ) 2 = 2K%. First we recall the results in pQ and [5]. 

Proposition 3.1 (Proposition 3.3 and Corollary 3.5 in pQ). Let S be a 

minimal surface of general type with p g = and let a be an involution of S. 
Then 

(i) k > 4; 

(ii) K W L + L 2 = -2; 

(Hi) h°(W, O w (2K w + L)) = K 2 V + K W L; 

(iv) Kly + K W L > 0; 

(v) k = Kg + 4 — 2h°(W, O w (2K w + L)); 

(vi) h°(W, O w (2K w + B )) =K 2 S + 1- h°(W, O w (2K w + L)); 

(vii) K 2 W >K 2 . 

Proposition 3.2 (Corollary 3.6 in [lj). Let S be a minimal surface of gen- 
eral type with p g = 0, let ip: S — >• ¥ K s be the bicanonical map of S and let 
a be an involution of S. Then the following conditions are equivalent: 

(i) <p is composed with a; 

(ii) h (W,O(2K w + L)) = 0; 
(Hi) K W {K W + L) = 0; 

(iv) the number of isolated fixed points of a is k = iT| + 4. 

By (i) and (v) of Proposition \3.1\ the possibilities of k are 5,7,9,11 if 
Kg = 7. In particular, if k = 11, the bicanonical map ip is composed with 
the involution, which is treated by Proposition 13.21 

Lemma 3.3 (Theorem 3.3 in [5j). Let W be a smooth rational surface and 
let N\ , . . . , iv"*. cW be disjoint nodal curves. Then 

(i) k < p(W) — 1, and equality holds if and only ifW = ¥2; 

(ii) if k = piyV) — 2 and p(W) > 5, then k is even. 

Lemma 3.4 (Proposition 4.1 in [5] and Remark 4.3 in [7j). Let W be a 

surface with p g (W) = q(W) = and n(W) > 0, and let N x , . . . , N k C W be 
disjoint nodal curves. Then 

(i) k < p(W) — 2 unless W is a fake projective plane; 

(ii) k = p(W) — 2, then W is minimal unless W is the blow-up of a fake 
projective plane at one point or at two infinitely near points. 

Denote D := 2K\\r + Bq for convenience. For each k, we get the following. 
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Theorem 3.5. Let S be a minimal surface of general type with p g (S) = 
and Kg = 7 having an involution a. Then 

(i) D 2 = 14; 

(ii) Ifk = 11, then K W D = 0, K 2 V = -4, and W is a rational surface; 
(Hi) If k = 9, then K W D = 2, K 2 V = -2, and k(W) < 1; 

(iv) Ifk = 7, then K W D = 4, < < 1, and k(W) > 1. Furthermore, if 
W is properly elliptic then = 0, and if K 2 ^ = 1 then W is minimal of 
general type. And if K 2 ^ = and W is of general type then K^, = 1 where 
W' is the minimal model of W ; 

(v) If k = 5, then KyyD = 6, = 2, and W is minimal of general type. 

Proof, (i) It is obtained by e*(2K s ) = n*(D) and K 2 , = 7. 
(ii) Firstly, K\yD = because Ky^D = 2Kw(K\y + L) = by Proposition 
I3T21 Secondly, K 2 = K 2 - k = 7 - 11 = -A. So > -4 by (vii) of 
Proposition 13,11 Finally, Kyy < by the algebraic index theorem because 
K\yD = and D is nef and big. Since K\yD = 0, W can only be a rational 
surface or birational to an Enriques surface. Enriques surface is excluded by 
Theorem 3 in [16]. Also by Lemma [331 k < p(W) — 3, and so p(W) > 14. 
Therefore = -4. 

(Hi) Firstly, K\yD = 2 because K\yD = 2Ky/(Kw + L) = 2 by (Hi) and (v) 
of Proposition EU Secondly, = K% - k = 7 - 9 = -2. So K^y > -2 by 
(vii) of Proposition [3U Finally, > (7K W -D) 2 = AVK^-UKwD+D 2 = 
49-KTyj/ — 14 by the algebraic index theorem because D is nef and big. So 
K 2 W <Q. 

If W is a rational surface then by Lemma 13.31 k < p(W) — 3, and so 
p(W) > 12. Therefore K 2 ^ = -2. If k(W) > then by Lemma \Mp(W) > 
11. If p(W) = 11 then W is minimal, so it gives a contradiction because 
Kly = -1. Therefore p(W) = 12 and = -2. 

Moreover, W is not of general type: Suppose W is of general type. Then 
we consider a birational morphism t: W — > W' such that W' is the minimal 
model of W. Also, we can write K w = t*(K w >) + E, E > since < 0. 

Then Dt*(K w >) = 2; Firstly, Dt*(K w ,) < 2 because 2 = DK W = 
Dt*(K w ,)+DE and D is nef. Secondly, Dt*(K w >) > 2 because Dt*(K w ,) = 
2K w t*(K w ,)+B t*(K w ,) = 2(t*(K w ,)+E)t*(K w ,)+B t*(K w ,) = 2^,+ 
Bot*(Kyyi) > 2 since K^, > and Kyyi is nef. 

So, by the algebraic index theorem, > (7t*(K w ) - D) 2 = 49t*(K w >) 2 - 
UDt*(K W r) + D 2 = 49K$y, -28 + 14. Thus K 2 ^, < 0, which give a contra- 
diction. 

(iv) Since K$ = K 2 S - k = 0, > 0. K W D = 4 yields K\ < 1. > 
and K\yD = 4 means that W is not birational to an Enriques surface. 
Again k = 7 implies that if W is a rational surface then K 2 ^ = 0. But then 
h°(W, Ow(—Kw)) > and this is impossible because D is nef. 

If W is properly elliptic then = 0. And if = 1 then W is a 
minimal surface of general type by Lemma 13.41 

Now suppose that K 2 ^ = and W is of general type. Then we consider 
a birational morphism t: W — >■ W such that W is the minimal model of 
W. Suppose K 2 ^, > 2. 

We write K w = t*(K w ,) + E, E > 0. Firstly, Dt*(K w ,) < 4 be- 
cause K W D = 4. Secondly, Dt*(K w >) > 4: = 2 J fC w i*(^VK') + 
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B t*{K w ,) = 2(t*(K w ,)+E)t*(K w ,)+B t*(K w ,) = 2K 2 v ,+B t*(K w ,) > 4 
since we suppose Kyy, > 2 and Kyy> is nef. 

Therefore Dt*(Kyy) = 4. Then by the algebraic index theorem and 
D 2 = 14, > (7t*(K w ) - 2D) 2 = 49t*(K w ,) 2 - 28Dt*(K w ,) + AD 2 = 
4QKyy, — 112 + 56, which give a contradiction. 

(v) Since Ky = 2, Kyy > 2 and so W is either a rational surface or a surface 
of general type. But if it is a rational surface then h°{W,Ow{—Kw)) > 
gives a contradiction. Also K-\yD = 6 and the algebraic index theorem 
implies that Kyy < 2. 

Now we know that W is of general type with Kyy = 2, it is enough to 
prove that W is minimal. Suppose W is not minimal. Then we consider 
a birational morphism t: W — > W such that W is the minimal model of 
W. Also, we can write K w = t*(K w r) + E, E > 0. Firstly, Dt*(K w r) < 6 
because K W D = 6, and K 2 ^, > 3. Secondly, Dt*(K w ,) > 6: Dt*(K w ,) = 
2K w t*(K w ,)+B t*(K w ,) = 2(t*(K w ,)+E)t*(K w ,)+B t*(K w ,) = 2K 2 V ,+ 
Bot*(Kw) > 6 since Kyy, > 3 and K\y/ is nef. 

Therefore Dt*(Kyy>) = 6. Then by the algebraic index theorem and 
D 2 = 14, > (7t*(K w ) - 3D) 2 = m*(K w ,) 2 - A2Dt*{K w ,) + 9D 2 = 
AQKyr, — 252 + 126, which give a contradiction. □ 

3.1. Possibilities for B$ and W . We study the possibilities of an irre- 
ducible component T C -Bo for each number of isolated fixed points. Let Ty 
be the preimage of T in the double cover V of W. We do not consider the 
case k = 11 because it is already studied in [1] and [TTj . 

Lemma 3.6. For any irreducible component T C Bq on W , 2KyTy = TD, 
where 7r*r = 2Ty. 

Proof. We have 2TD = n*(T)n*(D) = 2T v e*{2K s ). So TD = T v e*(2K s ). 
On the other hand, we know that Tye* (2K$) = 2KyTy because Ty n 
(Exceptional locus of e) = 0. So 2K V T V = TD. □ 

Remark 3.7. By Lemma 13.6} TD should be even and if TD = then T is 
a (— 4)-curve. 

3.1.1. Classification of Bq for k = 9. In this case, BqD = 10 because 
B D = (D — 2K W )D = 14 - 4 = 10. So TD = 10, 8, 6, 4, or 2. 
1) The case TD = 10. Since D 2 = 14 and D is nef and big, > (7T-5D) 2 = 
A9T 2 - 70TD + 25L> 2 = 49r 2 - 350 by the algebraic index theorem. That is, 
r < 7. Thus we get < 3 because 2r^ = T 2 . Moreover, we know that 
< p a {Ty) = 1 + \{T 2 V + KyTy) = 1 + \{T 2 V + 5) by Lemma ESI Thus 
-7 < T v < 3. By the genus formula, T 2 V = -7, -5, -3, -1, 1, 3. 

(1) The case T 2 V = -7: In this case, p a {Ty) = 0. So T: (0,-14). Then 
if we write that Bq = Tq + T\ + • • • + Ti such that To = T and Tj are 
(— 4)-curves for each i = 1, . . . , I, then 

6 = 2- 2K^y = K W (D - 2K W ) = K W B = 12 + 21. 

We get a contradiction because I = —3 

(2) The cases Ty = —5, —3: By a similar argument as the case (1), we 
get contradictions because / < 0. 

(3) The case T 2 V = -1: We get p a (Ty) = 3. So T: (3, -2) and / = 0. 



INVOLUTIONS ON A SURFACE OF GENERAL TYPE WITH p a = q = 0, K 2 = 7 7 



(4) The case Ty = 1: Here, p a (T v ) = 4. So T: (4,2) and / = 1. 

(5) The case Ty = 3: Lastly, p a (Ty) = 5. So T: (5, 6) and I = 2. 
Now, we have the following possibilities of Bq in the case TD = 10. 

d . r , Ti , r 2 r i Ti r 

-°0 • (5,6) "+~ (0,-4) ' (0,-4)' (4,2) + (0,-4)' (3,-2) 

Remark 3.8. + ((/-U) + (o F -4) cannot occur by Proposition 2.1.1 of [13] 
because a smooth rational curve in Bq corresponds to a smooth rational 
curve on S. 

2) The case TqD = 8 and VxD = 2. We can use the similar argument as 
the above I3~l 1.1 1 1) for each of TqD and VxD. However, we have to consider 

So = T + Ti + ri H \-T[to get the possibilities for B , where : (0, -4) 

for all i £ {1, 2, . . . ,1} if it exists. Then we get the following possible cases. 

d . To i Ti . r 2 To | Ti Fo I Ti 

^0 • (4,4) + (1,-2) + (0,-4)' (4,4) + (0,-6)' (3,0) + (1,-2) 

Now, we give all remaining cases by the similar argument as the above 
ELU2). 

3) The case T D = 6 and VxD = 4. 

d . To . Ti , T2 To ■ Ti To , Ti 
-°0 • (3,2) + (2,0) (0,-4)' (3,2) + (1,-4)' (2,-2) + (2,0) 

4) The case T D = 6, VxD = 2 and T 2 D = 2. 

p . To 1 Ti . T2 
^0 • (3,2) + (1,-2) + (1,-2) 

5) The case T D = 4, VxD = 4 and r 2 £> = 2. 

r • r , Ti . r 2 

-°0 • (2,0) ' (2,0) ' (1,-2) 

6) The case T D = 4, VxD = 2, T 2 D = 2 and T 3 D = 2. 

We get a contradiction by the similar argument in l3.1.1U ).(l). 

7) The case T D = 2, VxD = 2, T 2 D = 2, r 3 L> = 2 and r 4 L> = 2. 
This case is also ruled out by the similar argument in 13.1.11 1). (1). 

By Theorem 13.51 and from the above classification, we get the following 
table: 

3.1.2. Classification of Bq for k = 7. In this case, BqD = 6. So TD 
can be 6, 4, 2. By using similar arguments as the above 13.1.11 we get the 
following tables related to Ky^ and Bq for each case of TD. 
1) The case TD = 6. 



K 2 


Bq 


1 


To 

(3,2) 





Fo 1 Ti To 

(3,2) (0,-4)' (2,-2) 



r r 

Lemma 3.9. Bq = (32) + (0 -4) * s no ^ possible. 

Proof. Now, we know that W is minimal properly elliptic, or of general type 
whose the minimal model has K 2 = 1 by Theorem 13.51 If W is minimal 
properly elliptic, then we get a contradiction by Miyaoka's theorem in [13] 
because W has seven disjoint (— 2)-curves and one (— 4)-curve. 
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Table 1: Classifications of Kw, Bq and W for k = 9 



K 2 


B 


w 


-2 


r , ri 

(4,2) t (0,-4) 

r 

(3,-2) 

To _i_ Ti i T2 
(4,4) T- (1-2) "+~ (0,-4) 

r , ri 

(4,4) + (0,-6) 

r , ri 

(3,0) + (1,-2) 

To _|_ Ti _|_ T2 

(3,2) -T (2,0) ' (0,-4) 

r , ri 

(3,2) + (1,-4) 

To , Ti 
(2,-2) ' (2,0) 

To , Ti , T2 
(3,2) + (1,-2) + (1,-2) 

To , Ti , T2 
(2,0) + (2,0) + (1,-2) 


k(W) < 1 



So, suppose that W is of general type whose minimal model has K 2 = 1. 
Then we consider a birational morphism t : W —> W such that W' is the 
minimal model of W. We write Kyy = t*(Kw) + E, where E is the unique 
(— l)-curve. Firstly, E cannot meet seven disjoint N{ because Kyy't(Ni) = 
—NiE and K\y' is nef. And T\E < 1 because Ky/Bo = 4, K\yTo = 2, and 
t*(Kw)Ti > 1. Then, Miyaoka's theorem [13] again gives a contradiction 
because W' has seven disjoint (— 2)-curves, and one (— 4)-curve or one (— 3)- 
curve. □ 

2) The case T D = 4 and T 1 D = 2. 



K 2 


Bo 





T , ri 

(2,0) + (1,-2) 



3) The case r -D = 2, T X D = 2 and T 2 D = 2. 

This case is not possible by the similar argument in 13.1. 11 1). (1). 



Table 2: Classifications of Kyy, Bq and W for k = 7 



K 2 


Bo 


W 


1 


r 

(3,2) 


minimal of general type 





r 

(2,-2) 

(2,0) + (1,-2) 


minimal properly elliptic, or of general 
type whose the minimal model has K 2 = 1 



3.1.3. Classification of Bq for k = 5. In this case, BqD = 2. So TD can 

be 2. By using similar arguments as the above 13.1.11 we get the following 
table relating to Kyy and Bq for FD. 
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Table 3: Classifications of K^, Bq and W for k = 5 



/r 2 


B 


w 


2 


F 
(1-2) 


of general type 



4. Quotient surface birational to an Enriques surface 

In this section we study the case when W is birational to an Enriques 
surface. 



Theorem 4.1. Let S be a minimal surface of general type with p g (S) = 

'' " = U11U Uie UlUlbCIL wivisur uq = (3 q) "t" (1—2) 



and Kg = 7 having an involution a. If W is birational to an Enriques 
surface then k = 9, Kyy = —2, and the branch divisor Bq = , 3 ° \ + (1^2) or 
(3^2) • Furthermore, S has a 2-torsion element. 

Suppose W is birational an Enriques surface. Then by Theorem 13.51 we 
have k = 9 and Kyy = —2. Consider the contraction maps: 

W J£±> Wl ^ W ' } 

where E\ is (— l)-curve on W, E2 is (— l)-curve on W±, <pi is the contraction 
of the ( — l)-curve Ei, and W is an Enriques surface. 

Lemma 4.2. i) iVj n E\ / for some i € {1,2,..., 9}. 
ii) N\E\ = 1 after relabeling {N\, . . . , Ng}. 
Hi) N S E 1 = for all s G {2, . . . , 9}. 

Proof, i) Suppose that NiC\E\ = for all i = 1, . . . , 9. Let A be the number 
of disjoint (— 2)-curves on W\. Then by Lemma l3T4"l (i). 9 < A < p{W{) — 2 = 
9. Thus A = 9 and W\ should be a minimal surface by Lemma f3.4l (M). This 
is a contradiction because W\ is not minimal. Hence N{ n E\ ^ for some 
»€{1,2,... } 9}. 

ii) By part z) we may choose a (— 2)-curve N\ such that N\E\ = a > 0. 
Then (( / 9i(A r i)) 2 = —2 + a 2 and 931(^1)^^1 = ~ a - We claim that a must 
be 1. Indeed, suppose a > 2, then (ipi(Ni)) 2 > 0, so ^2 Vi(-^ r i) is a curve 
on W . Moreover, 932 ip\{N\)Kwi < ipi(Ni)K\v 1 . But the left side is zero 
because 2Kw = and the right side is negative because ipi(Ni)K\v 1 = —a 
by our assumption. This is a contradiction, thus a = 1. 
zm) Suppose that iVs-Ei 7^ for some s G {2,..., 9}. Then W\ would 
contain a pair of irreducible ( — l)-curves with nonempty intersection. This 
is impossible because Ky/> is nef. Hence N S E\ = for all s G {2, . . . , 9}. □ 

In this situation, consider an irreducible nonsingular curve V disjoint to 
N\ and such that E\T = f3. Then we obtain the following. 

Lemma 4.3. 2p a (F) - 2 = F 2 + 2/3. 

Proof. By Lemma 14.21 

K w = ipt (K Wl ) + E 1 = ( p* 1 ( i p* 2 (K w , ) + E 2 ) + E 1 = ip* 1 c ( p* (K w , ) + N 1 + 2E 1 . 

So K W T = <p\o ip*(K w/ )T + NiT + 2£iT = 2/3 since 2K W , = and iVi and 
r are disjoint. Thus we get 2p a (T) - 2 = T 2 + 2/3. □ 
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By referring to Table 1. of Section [3. 1.11 with respect to = —2 and 
k = 9, we obtain a list of possible branch curves Bq. Then we can consider 
r as one of the components Tj in the Bq. The possibilities for V which we 
will consider are: 

(0, -4), (2, -2), (2, 0), (1, -2), (0, -6), (3, 2), (1, -4). 

We treat each case separately. 

a) The case V : (0, —4) 

By Lemma 14.31 (i). (3 = 1. Thus W' should contain disjoint 9 curves 
of type (0, —2). This is a contradiction because W can contain 
at most eight disjoint (— 2)-curves which are (0, —2) since it is an 
Enriques surface. 

From now on, we consider the nodal Enriques surface X' obtained by 
contracting eight (— 2)-curves Ni, i = 2, ... ,9, where Ni := ip 2 o ipi(Ni) on 
W' . The surface £' has eight nodes % i = 2, . . . , 9 and T^' which is image of 
f , where f := ip 2 o ^(r) on W. By Theorem 4.1 in [12j, E' = DiX D 2 /G, 
where D\ and D 2 are elliptic curves and G is a finite group Z| or Z|. Let p be 
the quotient map D\ x D 2 — > D\ x D 2 /G = X'. The map p is etale outside 
the preimage of nodes qi on X', and we note that T^y does not meet with 
any eight nodes qi on X'. We write Td 1 xD 2 f° r a component of p _1 (rs')- 

b) The case T : (0,-6) 

By Lemma Ol (3 = 2. So f is (2,2). Then the normalization f nor of 
Td iX d 2 is a smooth rational curve since p a (T) = and T is smooth. 

Let pri be the projection map D\ x D 2 — > Di. Then this induces 
morphisms pi : T nor — > Di which factors through pr j . Then since 
^D 1 xD 2 i s a curve on D\ x D 2 , pi should be a surjective morphism 
for some i € {1, 2}. However, this is impossible because p g (T nor ) = 
and Pg(Di) = 1. 

c) The case T: (1,-4) 

By Lemma Ol (3 = 2. So f is (3,4). Then the normalization f nor of 
Td iX d 2 is a smooth elliptic curve because p a (T) = 1 and F is smooth. 
Thus T nor — > D\ x D 2 is a morphism of Abelian varieties and so 
must be linear, which implies that Td iX d 2 is smooth. Thus T^y is 
also smooth because T^y does not meet with any eight nodes qi on 
£' and p is etale on away from the nodes qi. This is a contradiction 
since we assumed to be singular. 

d) The case £fa + (1 r i 2) + (1 r j? 2) 

By Lemma 1431 we have E\Ti = 1 for i = 0, 1, 2. So we get Tq : (3, 4), 
Ti : (1,0), T 2 : (1,0) and TiTj = 2 for i ^ j on the Enriques sur- 
face W. Now, we apply Proposition 3.1.2 of [4j to the curve T 2 . 
Then one of the linear systems |T2| or 1 1 gives an elliptic fibration 
/ : W — > P 1 . So we have the reducible non- multiple degenerate fi- 
bres Ti(= ^2+^3+^4+^5+2^1) andT 2 (= ^6+^7+^+^9+2^2) 
of / by Theorem 5.6.2 of [1], since W has eight disjoint (— 2)-curves. 
Moreover, / has two double fibres 2iq and 2.F2 since W is an En- 
riques surface. 
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(1) Suppose 1 1 determines the elliptic fibration. Then r 2 is a fibre 
of /. Since = 2 (they meet at a point with multiplicity 
2), 2Fifi = 2, 2F 2 fi = 2 and f i T 1 = 2 for i = 1,2, we apply 
Hurwitz's formula to the covering /|f : f 1 — > P 1 to obtain 

= 2p fl (f 1) - 2 > 2(-2) + 5 = 1 

which is impossible. 

(2) Suppose \2T2\ determines the elliptic fibration. Then 2T 2 is 
a fibre of /. Since 2iqfi(= 2f 2 fi) = 4, 2F 2 fi = 4 and 
TiT\ = 4 for i = 1, 2, we apply Hurwitz's formula to the covering 
/[f : fi — > P 1 to obtain 

= 2p g (f 1) - 2 > 4(-2) + 3 + 2 + 2 + 2 = 1, 

which is impossible, 
e) The case (2 ° 0) + ( f 0) + {1 r _! 2) 

By Lemma 14.31 E\Ti = 1 for i = 0,1,2. So we have Tq: (2,2), 
T\ : (2, 2), r 2 : (1,0) and TiTj = 2 for i ^ j on the Enriques surface 
W 7 . 

Lemma 4.4. Ow>(T 1)) = 2. 

Proof. Since 2K^' = and Kw + Ti is nef and big, 
h^W ,O w ,{t 1 )) = h l (W',O w ,(2K w , +fi)) 

= ^(^O^^ + ^+fx))) 

= 

for i= 1,2 by Kawamata-Viehweg Vanishing Theorem. Thus 

h°(W',O w ,(f l )) = 2 
by Riemann-Roch Theorem. □ 

Lemma 4.5. Let T be a nef and big divisor on W . 
Then any divisor U in a linear system \T\ is connected. 

Proof. Consider an exact sequence 

— > O w ,(-U) — > Oh/' — > Oj7 — > 0. 

Then we get H°(Ow) = H°(Ou) by the long exact sequence for 
cohomology, and so U is connected. □ 

Now, we apply Proposition 3.1.2 of |4j to the curve T 2 . Then 
one of the linear systems |T 2 | or |2r 2 | gives an elliptic fibration / : 
W — > P . So we have the reducible non- multiple degenerate fibres 
fi(= N 2 + N 3 + N A + N 5 + 2Si), T 2 (= AT 6 + 7V 7 + iV 8 + N 9 + 2.E 2 ) 
and two double fibres 2F\, 2F 2 of the fibration /. 
(1) Suppose |r 2 | determines the elliptic fibration. Consider an exact 
sequence — ► O w >(T 1 -Ei) — > CV'(ri) — >■ C^i(fi) — ► 0. 
If we assume F°(T^', Ow'fti ~Ei)) + 0, then fi = 2^i + iV 2 + 
iV"3 + iVj + iVg + G = r 2 + G for some effective divisor G, and so 
p a (G) = because T 2 G = 2. So there is an irreducible smooth 
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curve C with p a [C) = (i.e. C is an irreducible (— 2)-curve) as a 
component of G. We claim CNi = for i = 2, 3, . . . , 9. Indeed, 
suppose CNi > for some i, and then = GN- t = (H + C)Ni, 
where G = H + C for some effective divisor H. Since H Ni < 0, 
N{ is a component of H. Thus Ti — T2 = G = Ni + I for 
some effective divisor /, which is impossible by p a (Ti) = 2, 
Pa{^2) = 1) T2I = 2, Nil = 2 and connectedness among T2,Ni 
and I induced from Lemma 14.51 since T\ is nef and big. On the 
other hand, suppose CNi < for some i, then C = Ni because C 
and Ni are irreducible and reduced. Thus r\ — T2 = G = iVj +i? 
for an effective divisor i7, which is impossible by p a (Tx) = 2, 
Pa(T2) = 1, I^-ff = 2 and NiH = 2 and connectedness among 
T2,Ni and iT induced from Lemma 14.51 since T± is nef and big. 
Hence we have nine disjoint (— 2)-curves C,N2, ■ ■ ■ ,Ng, which 
induce a contradiction on the Enriques surface W by Lemma 
E31 Now, we have H°(W, W '(Ti ~ #i)) = 0, and so 

H°{W',Ow>{ti)) -^H°(E 1 ,0 El {T l )) 
is an injective map. 

Since h°(W, Ow>(T 1)) = 2 and /i°(J5i, Bl (f 1)) = 2 (because 
f i£i = 1), f 1 = N 2 + N 3 + N4 + N 5 + L for some effective 
divisor L, which is impossible by p a (Ti) = 2 and NiL = 2 for 
all z = 2, 3, 4, 5 and connectedness among N2, N 3 , N4, N$ and L 
induced from Lemma 14.51 since T\ is nef and big. 
(2) Suppose 12372 1 determines the elliptic fibration. Consider an 
exact sequence 

— > O w ,{f x - Eh.) — ► CV'(fi) — > Obx(T 1) — > 0. 

If we assume H°(W', O w ,(f x - £1)) ^ 0, then f 1 = £1 + 
A^2 + A^3 + A^4 + A^5 + G for some effective divisor G, which 
is impossible by p a (^i) = 2, E\G = and NiG = 1 for all 
i = 2,3,4,5 and connectedness among Ei, N2, N 3 , N4, N$ and 
G induced from Lemma 14.51 since Ti is nef and big. Thus we 
have H°(W, O w ,(T 1 - E x )) = 0, and so 

H\W',O wl (t l )) ^ H\E l ^O El {t 1 )) 

is an injective map. 

Since h°(W, O w ,(f {)) = 2 and h°(Ei, El (fi)) = 3 (because 
fi^i = 2), f 1 = N 2 + N 3 + N4 + N 5 + L for some effective 
divisor L, which is also impossible by p a (Ti) = 2 and N- t L = 2 
for all i = 2, 3, 4, 5 and connectedness among N2,N 3 , N4, N5 and 
L induced from Lemma 14.51 since Ti is nef and big. 
f) The case (2 ^ 2) + £fa 

By Lemma [~4~73l (i), EiTq = 2 and E^Fi = 1. So we have To: (4,6) 

and Ti : (2, 2) on the Enriques surface W. 

Consider an elliptic fibration of Enriques surface /: W — > P 1 , 

and assume T±F = 27, where F is a general fibre of /. Then 7 > 
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because f i cannot occur in a fibre of / by p a (Ti) = 2. Moreover, 
consider an exact sequence 

o — > cv(fi - #1) — > cV'(f i) — > o^(fi) — > o. 

If we assume CV (f 1 --^0)^0, then f 1 = E 1 + N 2 + N 3 + 

N<± + A^5 + G for some effective divisor G, which is impossible by 
Paftl) = 2, NiG = 1 for all i = 2,3,4, 5 and connectedness among 
Ei, N2, N3, N4, N§ and G induced from Lemma 14,51 since T% is nef 
and big. Now, we have H°(W, O w > (f 1 - E x )) = 0, and so 

fl°(W",CV(fi)) — > ^(^^^(fx)) 

is an injective map. Since /^(W 7 , OvK'(-^l)) = 2 by Lemma rOl and 
hP(E!,0 El (fi)) =7 + 1 (because f^i = 7), fi = iV 2 + N 3 + 
^4 + A^5 + L for some effective divisor L, which is impossible by 
p a (Ti) = 2 and NiL = 2 for all i = 2,3,4,5 and connectedness 
among N2, N$, N4, iVs and L induced from Lemma 14.51 since T\ is 
nef and big. 

Therefore, all other cases except Bq = + (i 1 ^) or (3 F -2) are excluded. 

Lemma 4.6. If W is birational to an Enriques surface then S has a 2- 
torsion element. 

Proof. If W is birational to an Enriques surface then 2Ky/ can be written 
as 2 A where A is an effective divisor. Thus 2Ky = tt* (2 A) + 2R, where R 
is the ramification divisor of tt. So G = it* (A) + R is an effective divisor 
such that G ~ Ky but G =£ Ky because G is effective and p g (V) = 0. 
Since 2G = 2Ky, G — Ky is a 2-torsion element, and so S has a 2-torsion 
element. □ 

Remark 4.7. Suppose Bq = , 3 ° \ + (i r ~2)- Lemma I43| EiTq = 2 and 
E±Fi = 1. So we have To: (5,8), Ti : (1,0) and Tori = 4 on the Enriques 
surface W. We have h°(W, O w >(f )) = 5 since f : (5,8). However, the 
intersection number Tori = 4 together with tangency condition gives a six 
dimensional conditions. 

By the results in Section 3 and 4, we have the table of classification in 
Introduction. 

5. Examples 

There is an example of a minimal surface S of general type with p g (S) = 
q(S) = 0, Kg = 7 with an involution. Such an example can be found in 
Example 4.1 of [ID]. Since the surface S is constructed by bidouble cover (i.e. 
Zg-cover), there are three involutions 71,72 and 73 on S. The bicanonical 
map (p is composed with the involution 71 but not with 72 and 73. Thus 
the pair (S, 71) has k = 11 by Proposition 13.21 and then W\ is rational and 
Kyy l = —4 by Theorem 13.51 (ii), where W\ is the blow-up of all the nodes 
in <5/7i . On the other hand, we cannot see directly about k, K 2 and the 
Kodaira dimension of the quotients in the case (S, 72) and (S, 73). We use 
notations of Example 4.1 of [ID], but P denotes E of Example 4.1 of [ID] . 
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Moreover, W{ comes from the blow-ups at all the nodes of Ej := S/ji for 



Now, we observe that Wi is constructed by using a double covering Tj 
of a rational surface P with a branch divisor related to Lj. The surface P 
is obtained as the blow-up of six points on a configuration of lines in P 2 . 
The surface W{ is obtained by examining (—1) and (— 2)-curves on Tj and 
contracting some of them. 

We will now explain this examination in more details for each case. 
Firstly, for % = 1, then K\ = —6 since Kp x = ir\(Kp+L-\), where tc\ : T\ — > 
P is the double cover. We observe that there are only two (— l)-curves on T\ 
because S3, S4 are on the branch locus of tt\. So Ky Vi = = — 6 + 2 = —4. 
On the other hand, we also observe that there are only seven nodes and 
four (— 2)-curves on T\ because -D2-D3 = 7 and S\ and S2 do not contain 
in D 2 + D 3 . So Si has k = 11 nodes. Moreover, H (T 1 ,O Tl (2K Tl )) = 
H°(P, Op(2K P + 2Li)) H°(P, Op{2K P + L{)) since 2K Tl = tx\{2K p + 
2Li) and 7r u (0 Tl ) = O p O p (-Li). So H (Ti,O Tl {2K Tl )) = because 
2if P + 2Li = 4Z - 2e 2 - 4e 4 - 2e 5 - 2e 6 and 2if P + Li = -I + ei + e 3 - e 4 . 
This means that T\ is rational, and therefore W± is rational. For the branch 
divisor Bq, we observe fa and Ai in D\. Since / 2 .D 2 = 4 and / 2 -D 3 = 4, 
/ 2 (£> 2 + D 3 ) = 8. By Hurwitz's formula, 2 Pa (T ) -2 = 2( Pa (fa) - 2) + 8, 
and so p a (To) = 3 because fa is rational, and moreover Tg = because 
/| = 0. This means To: (3,0). Similarly, since A1D2 = 1 and AiD 3 = 5, 
Ai(L> 2 + D 3 ) = 6. By Hurwitz's formula, 2p (ri) - 2 = 2{p a (A 1 ) - 2) + 6, 
and so p a (Fi) = 2 because Ai is rational, and moreover Tf = —2 because 
Af = —1. This means T\ : (2, —2), thus Bq = Q \ + (2 I -^2)- 

Secondly, in the case i = 2, we calculate if|. 2 = —6. We observe that there 
are only four (— l)-curves on T2 because Si, S2, S3, S4 are on the branch 
locus. So Kyy 2 = K^ 2 = — 6 + 4 = —2. On the other hand, we also observe 
that there are only nine nodes on T2 because D\D 3 = 9. So S2 has k = 9 
nodes. Also, H°(T2,Ot 2 (2Kt 2 )) = by a similar argument as the case 
i = 1. So W 2 is rational. For the branch divisor Bq, we observe fa and A2 
in D2. Since faDi = 2 and /3-D3 = 6, p a (^o) = 3 because fa is rational, and 
Tq = because /f = 0. This means To: (3,0). Moreover, since A2-D1 = 3 
and A2-D3 = 1, Pa(Fi) = 1 because A2 is rational, and T 2 = —2 because 
A| = -1. This means Ti : (1, -2), thus Bq = ^ + {l r } 2) . 

Lastly, for i = 3, we get K|, 3 = —4. There are only two (— l)-curves on 
T3 because Si, S2 are on the branch locus. So = K^ 3 = —4 + 2 = —2. 
On the other hand, there are only nine nodes on T3 because D\D 2 = 5 
and S3 and S4 do not contain in D\ + D2. So £2 has k = 9 nodes. Also, 
H°(T 3 , Ot 3 (2Kt 3 )) = by a similar argument to the case i = 1. So VF3 is 
rational. For the branch divisor £>0) we observe fi,f[ and A3 in D 3 . Since 
/1.D1 = 4 and /1-D2 = 2, p a (Fo) = 2 because /1 is rational, and Tq = 
because j\ = 0. This means Tq: (2,0), and T\ related to /{ is also of type 
(2,0). Moreover, since A3D1 = 1 and A3D2 = 3, p a (T 2 ) = 1 because A3 
is rational, and T 2 = —2 because A| = —1. This means T2: (1,-2), thus 



i = 1,2,3. 



^0 - (2,0) + (2,0) + (1 ,-: 



The following table summaries our result: 
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k 




So 


Wi 


(S,7i) 


11 


-4 


F , ri 

(3,0) "T (2,-2) 


rational 


(5,72) 


9 


-2 


To , Ti 
(3,0) + (1,-2) 


rational 


(5,7s) 


9 


-2 


To i Ti , T2 
(2,0) + (2,0) + (1,-2) 


rational 



Recently, Rito [15] gave a new example of surface of general type with 
p g = q = and K 2 = 7 by using a double cover of a rational surface. In his 
example, Bq is also £° \ + n^2V 
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